
Caustics in galactic halos

Aravind Natarajan
Pierre Sikivie 

University of Florida

TEV Workshop, Fermilab.
July 15,  2005



Outline :

     1.    Introduction. 

     2.    What are caustics ?  Caustics with dark matter.

     3.    Choosing initial conditions.

     4.    What do they look like ?   The structure of caustics. 
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• Caustics are regions of high density.

• The existence of caustics requires :

     (a)  Collisionless matter.

     (b)  Low velocity dispersion.

• Caustics have implications for :

(a) Axion searches :   Peaks in the energy spectrum of microwave 
photons from            conversion ( Duffy et al, 2005 ).

(b) WIMP direct detection :   Plateaux in the recoil energy 
spectrum ( Vergados, 2001;  Green, 2001;  Gelmini and Gondolo, 2001;  Ling et al, 
2004;  Bernabei et al, 2005 )

a → γ
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Some previous work on detection of caustics...

1. By particle annihilation ( Hogan, 2001 )   :

        (a)   In caustic rings.  

( Bergstrom et al, 2001;  Pieri and Branchini, 2005 )                                                      

EM =
∫

los ρ2(λ)dλ
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       (b)  In caustic spheres ( Mohayaee and Shandarin, 2005 )
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3. Using rotation curve data ( Kinney and Sikivie, 2003 ).

4. By gravitational lensing 

( Hogan, ’99;  Charmousis et al, 2003;  Gavazzi et al, 2005 )
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tribution is broad, the sum of rotation curves is unlikely to show any feature. How-
ever, if it is peaked, then the sum should show a peak for n = 1 at some radius, then
again at 1/2 that radius for n = 2, at 1/3 the radius for n = 3, and so on. If the jmax
distribution is peaked at 0.263 (the value for the Milky Way) the peaks in the sum of
rotation curves should appear at 41 kpc, 20 kpc, 13.3 kpc, …. 

The procedure to add the 32 rotation curves [16] may be briefly described as fol-
lows. For each rotation curve, all data points with rescaled radii  < 10 kpc were
deleted to remove the effect of the luminous disk. The remaining points were then
fitted to a line. The rotation velocity vrot used to rescale the radii in Eq. (2) is the
average of that line. The rms deviation  from the linear fit was determined
for each galaxy. This was taken to be the error on the residuals δvi, that is, the dif-
ferences between the measured velocities in a rotation curve and the linear fit. Final-
ly the sample of 32 galaxies was averaged in 2 kpc radial bins:

where Ni is the number of data points in the bin. The assigned error on each bi is then
simply 1/ . FIGURE 3 shows the result.

There are two features evident at roughly 20 and 40 kpc. A fit to two Gaussians
plus a constant indicates features at 19.4 ± 0.7 kpc and 41.3 ± 0.8 kpc, with overall
significance of 2.4σ and 2.6σ, respectively. FIGURE 3 shows the fitted curve. When
the same fit is applied to the same data in 1 kpc bins, the significance of the two

(3)

r̃

δv2〈 〉

bi
1
Ni
----- δṽ j
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FIGURE 3. Binned data for 32 galaxy sample, with peaks fit to Gaussians.



Dark matter caustics are of two kinds :

1.     Outer  Caustics :

           (a)  First few typically occur at scales of 100’s of kpc.

           (b)  They are topological spheres surrounding galaxies.

(Sikivie ’99)
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FIG. 1. The wiggly line is the intersection of the (z, ż) plane with the 3D sheet on which the
collisionless dark matter particles lie in phase-space. The thickness of the line is the primordial
velocity dispersion. The amplitude of the wiggles in the ż direction is the velocity dispersion

associated with density perturbations. Where an overdensity grows in the non-linear regime, the
line winds up in clockwise fashion. One such overdensity is shown.
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FIG. 2. A generic surface caustic in phase-space (a) and in physical space (b). The two di-

mensions (x and y) into which the caustic extends as a surface are not shown. The physical space
density d diverges at those locations (z1 and z2) where the phase-space sheet folds back.
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2.  Inner Caustics :

(a)  First few typically occur at 10’s of kpc.

(b) The structure of inner caustics depends on the angular momentum 
distribution of the dark matter.

Let’s first look at a simple example with light ...



     ( courtesy Henrik Jensen )



Catastrophes with light - 

For a poster showing the geometry of the catastrophes, see

www.phy.bris.ac.uk/research/theory/Berry/pictures/poster1.pdf



   Now let’s do the same thing with dark matter - 

J =

1



• The caustic is the set of points (x,y,z) where J=0.

      

    

• The structure of the caustic depends on the initial 
conditions, i.e. on the spatial distribution of angular 
momentum.



The initial conditions :     Tidal Torque theory -

                                                                           (Zeldovich)

                                                                

                                                                (White ’84)

In general,      

For  TTT,  

!v(r) = M !r

1

M = S+ A + T

1

M = MT

1
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•                                

•                                       Perturbation
−→

1



Different x-y cross sections of the caustic -

(hyperbolic umbilic catastrophe)        

(a) (b) (c) (d)

(e) Hyperbolic umbilic catast rophe.

FIG. 17: Inner caust ic for the case ξ1 != 0, ξ2 != 0. Figures (a)-(d) show z = constant cross sect ions

of the hyperbolic umbilic catast rophe. Figure (e) shows the catast rophe structure.

interchanged. Figure 18(k) and 18(l) show the caustic cross section as ξ1 is increased, keeping

ξ2 fixed at zero. The figures show a butterfly structure forming. Figure 18(l) is qualitatively

the same as figure 12(a) with the y and z axes interchanged. The plots are reminiscent of

the caustics seen in gravitational lensing theory [6, 19]. It is interesting that similar figures

are seen in the analysis of the stability of ships using catastrophe theory [21, 31].

C. Transforming caust ics fr om one t ype t o t he ot her : W it hout axial symmet r y.

We now show the transition from the caustics of the gradient type to the caustics of the

curl type by including the parameter c3 and increasing it from zero until it dominates the
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   Infall of a shell :                   with!v(r) = M !r

1

M = −M T

1

(a) (b) (c)

(d) (e) (f)

FIG. 1: Infall of a shell. The figures show the infall sequence of a cold collisionless shell in cross

section. The initial velocity distribution is purely rotational and of the form !V = − c3 sin θ φ̂. The

continuous infall of many such shells will produce the caustic shown in figures 2 and 3. x and z

are in units of the outer turnaround radius.

together. Along each sect ion, the tricusp reduces in size, shrinks to a point and increases
again. In the neighborhood of each such point , the catastrophe is the elliptic umbilic(D− 4).

2. The e ect of a random perturbation.

We introduce a random velocity field as a perturbat ion of the axially symmetric velocity
distribut ion. We prepare a data bank which consists of velocit ies drawn from a gaussian
distribut ion. From thisdata bank, wepick six valuesat random which define thevelocit iesat
sixty degree intervals in φ. These values are joined using a smooth cosine fit . The result ing
velocity field is used as a perturbat ion of the axially symmetric distribut ion. The caust ic is
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                                                (elliptic umbilic catastrophe)                                                                        



Conclusions:

• The continuous infall of dark matter forms caustics 
under two assumptions :

             1. The dark matter is collisionless.

            2. It has low velocity dispersion.  

• Outer caustics are spherical shells surrounding galaxies. 
Inner caustics are made up of sections of the higher 
order catastrophes.

• The structure of inner caustics depends on the dark 
matter angular momentum.


